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Abstract. For surfaces of revolution B in M 3 , we investigate the 
limit distribution of minimum energy point masses on B that in- 
teract according to the logarithmic potential log(l/r), where r is 
the Euclidean distance between points. We show that such limit 
distributions are supported only on the "out-most" portion of the 
surface (e.g., for a torus, only on that portion of the surface with 
positive curvature). Our analysis proceeds by reducing the prob- 
lem to the complex plane where a non-singular potential kernel 
arises whose level lines are ellipses. 



1. Introduction 

For a collection of N(> 2) distinct points oj^ := {xi, . . . ,x^} C M 3 
and s > 0, the Riesz s-energy of is defined by 

N N 

E s (u N ) := k s (xj, xj) = ^ k s (xj, xj), 

l<i^j<N i=l 3=1 

where, for x,y G M 3 , k s (x,y) := l/\x — y\ s . As s — * 0, it is easily 
verified that 

(k s (x,y) - l)/s -> log (l/|x — 2/|) 

and so it is natural to define ko(x, y) := log {l/\x — y\). For a compact 
set Bel 3 and s > 0, the N -point s-energy of B is defined by 

(1) S S (B, N) := mf{E s (u N ) \u N cB, \u N \ = N}, 

1991 Mathematics Subject Classification. Primary 11K41, 70F10, 28A78; Sec- 
ondary 78A30, 52A40. 

Key words and phrases. Potential, Equilibrium measure, Logarithmic potential, 
Surfaces of revolution, Riesz energy. 

^^The research of this author was supported, in part, by the U. S. National Science 
Foundation under grants DMS-0505756 and DMS-0532154. 

2 The research of this author was supported, in part, by the U. S. National Science 
Foundation under grant DMS-0532154. 

3 The research of this author was supported, in part, by INTAS Research Network 
NcCCA 03-51-6637. 

1 



2 



D. P. HARDIN 1 , E. B. SAFF 2 , AND H. STAHL 3 




FIGURE 1. Near optimal Riesz s-energy configurations 
(N = 1000 points) on a torus in M 3 for s = 0, 1, and 2. 



where \X\ denotes the cardinality of a set X. Note that the logarithmic 
(s = 0) minimum energy problem is equivalent to the maximization of 
the product 

| j | { Xj | , 

l<i^j<N 

and that for planar sets, such optimal points are known as Fekete points. 
(The fast generation of near optimal logarithmic energy points for the 
sphere S 2 is the focus of one of S. Smale's "mathematical problems for 
the next century"; see [T3|.) 

If < s < dim B (the Hausdorff dimension of B), the limit distri- 
bution (as iV — > oo) of optimal iV-point configurations is given by the 
equilibrium measure X St B that minimizes the continuous energy integral 




k s (x,y) dfi(x)dfi(y) 



over the class A4(B) of (Radon) probability measures /i supported on 
B. In addition, the asymptotic order of the Riesz s-energy is iV 2 ; more 
precisely we have S S (B, N)/N 2 I s (X S) b) as — > oo (cf. (TTJ Sec- 
tion II. 3. 12]). In the case when B = S 2 , the unit sphere in M 3 , the 
equilibrium measure is simply the normalized surface area measure. 
If s > dim B, then 7 s (/f) = oo for every \i G M.(B) and potential 
theoretic methods cannot be used. However, it was recently shown in 
[7] that when B is a <i-rectifiable manifold of positive <i-dimensional 
Hausdorff measure and s > d, optimal iV-point configurations are uni- 
formly distributed (as iV — > oo) on B with respect to <i-dimensional 
Hausdorff measure restricted to B. (The assertion for the case s = d 
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FIGURE 2. Minimum logarithmic energy points on var- 
ious toroidal surfaces. 

further requires that B be a subset of a C 1 manifold.) For further 
extensions of these results, see Related results and applications 
appear in [S] (coding theory), jT3] (cubature on the sphere), and [Tj 
(finite normalized tight frames). 

In Figure ^ we show near optimal Riesz s-energy configurations for 
the values of s = 0, 1, and 2 for iV = 1000 points restricted to live on 
the torus B obtained by revolving the circle of radius 1 and center (3, 0) 
about the y-axis. (For recent results on the disclinations of minimal 
energy points on toroidal surfaces, see j3j.) The somewhat surprising 
observation that there are no points on the "inner" part of the torus in 
the case s = (and, in fact, as well for s near 0) is what motivated us 
to investigate the support of the logarithmic equilibrium measure Ao,b. 
In this paper we show that, in fact, this is a general phenomenon for 
optimal logarithmic energy configurations of points restricted to sets 
of revolution in R 3 (see Figure |2J) • 



In this paper we focus on the logarithmic kernel ko- Let B C M 3 
be compact. As in the previous section, the logarithmic energy of a 
measure fi E M.{B) is given by 



2. Preliminaries 



(2) i (fj)= log- dfj,{p)dfi(q) 

JJbxb \p-q\ 

and the corresponding potential U^ 1 is defined by 




(3) 
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Let Vb '■= inf Mg x(s) Io(aO- The logarithmic capacity of B, denoted by 
cap(£?), is exp(— Vb). A condition C{p) is said to hold quasi- everywhere 
on B if it holds for all p G B except for a subset of logarithmic ca- 
pacity zero. 1 If cap(-B) > 0, then there is a unique probability mea- 
sure fiB £ M.{B) (called the equilibrium measure on B) such that 
I{^b) = Vb (this is implicit in the references fH\ \1'2\). Furthermore, 
the equality U^ip) = Vb holds quasi-everywhere on the support of \xb 
and U flB (p) > Vb quasi-everywhere on B. 

We now turn our attention to sets of revolution in M 3 . Let M + : = 
[0, oo) and, for t G [0, 2ir), let a t '■ M 3 — > R 3 denote the rotation about 
the y-axis through an angle t: 

a t (x,y,Q — ( x cos t — C si 11 1, y, x sin t + ( cos t) . 

For a compact set A contained in the right half-plane H + := R + x R, 
let T(A) C M 3 be the set obtained by revolving A around the y-axis, 
that is, 

T(A) := {a t (x, y, 0) | (x, y) G A, < t < 2tt}. 

We say that A C H + is non- degenerate if cap (T(A)) is positive. For 
example, if A contains at least one point not on the y-axis, then A is 
non-degenerate. 



3. Reduction to the x?/-plane 

A Borel measure v G ^(M 3 ) is rotationally symmetric about the y- 
axis if v = v o a t for all t G [0, 27r). If v is rotationally symmetric 
about the y-axis, then dv = ^dtdv, where v := v o T G A^(if + ) and 
(it denotes Lebesgue measure on [0, 2ir). Identifying points z,w G i/ + 
as complex numbers 2 = x + iy = (x, y, 0) and w = u + iv = (u,v, 0) 
we have 

J o(z>) = // log | 1 | dV(p)dV(q) 
7 7k3 xK 3 \p — q\ 

(4) =H K{z,w)dv{z)dv{w) 

J JH+X.H+ 



J(u) 



where 



2- 



(5) K(z, w):=±- I log r dt. 

2tt J \a t (z)-w\ 



1 The logarithmic capacity of a Borel set E is the sup of the capacities of its 
compact subsets. Any set that is contained in a Borel set of capacity zero is said 
to have capacity zero. 
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Notice that 

(6) \a t (z) — w\ 2 = (x cost — u) 2 + (y — v) 2 + x 2 sin 2 1 

= x 2 + u 2 + (y — v ) 2 — 2xu cos t. 

Let w* := —u + iv = —w denote the reflection of w in the y-axis. Then, 
using (0) and the formula 



1 f 27T 

— / log(a + boost) dt = log • 
^ Jo 



+ Va 2 - b 2 



2vr J 2 
with a = (y — v) 2 + x 2 + u 2 and b = —2xu, we obtain 



\ 1, a + Va 2 - b 2 . 2 
(7) K(z, w) = --log =log- 



2 2 |z — w| + \z — w*\ 

where we have used 

2 (a + Va 2 - 6 2 ) = (y/a + b + Va - b^ = (\z - w\ + \z - w*\) 2 . 

3.1. Equilibrium measure A^ G M(A). For a non-degenerate com- 
pact set A C H + , the uniqueness of the equilibrium measure /ir(A) arid 
the symmetry of the revolved set T(A) imply that ^v(A) is rotationally 
symmetric about the y-axis and so dfir(A) — j-dtdXji, where for any 
Borel set B C H + 

(8) X A (B):= mA) (T(B)). 

Furthermore, if v G A4(A), then dv := -^dtdv is rotationally symmet- 
ric about the ?/-axis and so we have 

J (A A ) > inf J (u) = inf J (z>) > J (/ir(A)) = J (Aa), 

^eAI(A) i/g.M(A) 

which leads to the following proposition. 

Proposition 1. Suppose A is a non-degenerate compact set in H + and 
let Xa G M(A) be defined by Then Xa is the unique measure in 
M(A) that minimizes J{v) over all measures v G M(A). That is, Xa 
is the equilibrium measure for the kernel K and set A. 

For v G M(A), we define the (K-)potential W u by 

(9) W(z) := / K(z,w)du{w) 

2 

logr : : -du(w) [Z G H + ) . 

\z — w \ + \z — wJ 



A 
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Then, for z = (x, y, 0) G H + , we have 

[/™0) = [ \og—^- dfi r(A) (q) 
Jr(A) \ z ~ 91 

1 f f 2n 1 

27T JaJo \z-<T t {w)\ 

= [ K(z,w)dX A (w) = W Xa (z). 

J A 

From the properties of U^ r <> A \ we then infer the following lemma. 

Lemma 2. Suppose A is a non-empty compact set in the interior of 
H + . Let Xa be the equilibrium measure for A with respect to the kernel 
K. Then the potential W Xa satisfies W Xa (z) = J(Xa) for z in the 
support of Xa and W Xa (z) > J(Xa) for z G A. 

Remark: In Lemma 121 we no longer need a quasi-everywhere excep- 
tional set, since each point of A generates a circle in M. 3 with positive 
logarithmic capacity. 




12 3 4 



Figure 3. Level curves for K(z, w) for w a fixed point 
on the unit circle centered at (2,0). 

3.2. Properties of K. Let s(z, w) := \z — w\ + \z — w#\. Then 
K(z,w) = —\og(s(z,w)/2) and so, for fixed w G H + , the level sets 
of K(-,w) are ellipses with foci w and w* as shown in Figure El Since 
the foci have the same imaginary part v = Im[u>] = Im[w*], it fol- 
lows from geometrical considerations that K(-,w) is strictly decreasing 
along horizontal rays [iy, oo + iy) for y ^ v. Along the horizontal ray 
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[iv, oo + iv), we have that K(-, w) is constant on the line segment [iv, w] 
and strictly decreasing on the ray [w, oo + iv). 

Furthermore, K is clearly continuous at any (z, w) G H + x H + unless 
z = w = iy for some j/Gl. Since \z — wj\ = \(z — = |iw — it 
follows that K is symmetric, that is, K(z, w) = K(w, z) for z, w G 
We summarize these properties of K in the following lemma. 

Lemma 3. The kernel K : H + x H + — > R m (0) /ias i/ie following 
properties: 

(a) X is symmetric: K(z,w) = K(w,z) forw,z G // + . 

(b) K continuous at all points (z, w) G i/ + x i/ + except points 
(z, z) such that Ke(z) = 0. 

(c) Let u > and ?/ / w 6 I fe fixed. Then K(x + iy,u + iv) 
is a strictly decreasing function of x for x G [0,oo). Further- 
more, K(x + iy,u + iy) is constant for x G [0, u] and is strictly 
decreasing for x G [u,oo). 

The following lemma is then a consequence of Lemma E3 

Lemma 4. Suppose v G Ai(A) is not a point mass (that is, the support 
of v contains at least two points). Then the potential W u (z) is strictly 
decreasing along the horizontal rays [iy, oo + iy) for all y el. 

If A is a non-degenerate compact set in H + , let P(A) denote the 
projection of the set A onto the y-axis and for y G P{A), define x^(y) = 
max{i | (x,y) G A}. We then let A + denote the "right-most" portion 
of A, that is, 

A+:={(x A (y),y) \yeP(A)}. 
Using Lemmas El and |3] we then obtain the following result. 

Theorem 5. Suppose A is a compact set in H + such that A + is con- 
tained in the interior of H + . Then the support of the equilibrium mea- 
sure Xa G A4(A) is contained in A + . 

4. Convexity 

Recall that a function / : [a, b] — > R is strictly convex on [a, b] if 
f{6x + (1 - 9)y) < 6 f{x) + (1 - 9)f(y) for all a < x < y < b and 
< 6 < 1. 

Theorem 6. Suppose A is a compact set in H + such that A + is con- 
tained in the interior of H + and^y : [a, b] — > H + is continuous. Further 
suppose that 

(a) A + C 7* := {7(5) I a < s < b} and 



s 
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(b) K( r y(-), r y(s)) is a strictly convex function on the intervals [a,s] 
and [s, b] for each fixed s G [a, b]. 

Then there is some closed interval I C [a, b] such that supp A^ = 7(1) fl 
A+. 

Proof. Suppose A and 7 satisfy (a) and (b). From Theorem El we have 
supp A^ C 7*. Let ti := mm a < t < b {t \ j(t) G supp A^} and t 2 : = 
max a < t <5{t I j(t) G suppA^}- Suppose that G is an open interval in 
/ := [£i,£ 2 ] such that 7(G) C suppA A = 0. Then W Xa o 7 is strictly 
convex on G and W Xa (z) = J(\a) for z G supp Xa and so we have 
W XA (-i(t)) < J(\ A ) for t G G. Hence, Lemma H implies that >y(G)nA = 
which then implies supp Xa = H A+. □ 

We next consider several examples where we can verify that the 
hypotheses of Theorem |H1 hold. In these examples, 7 is a smooth curve, 
but note that A + is only required to be a compact subset of 7*. For 
example, A + may be a Cantor subset of 7*. 

We first consider a case where we can completely specify the support 
of X A - 

Corollary 7. Suppose A is a non- degenerate compact subset in H + 
such that A + is contained in a vertical line segment [R + ci,R + di] for 
some R > 0. Then supp A^ = A + . 

Proof. Consider the parametrization j(t) = R + it, c < t < d, of the 
line segment [R + ci,R + di]. For s, t G [c, d], s ^ t, direct calculation 
shows K(7(f),7(s)) = — log(|s — t| + ^JAR 2 + (s - t) 2 ) +log2 and 

/ \ d r ., , . , NX sen(s — t) 

(10) K( 7 (i), 7 ( S )) 



dt " v/^ + Cs-t) 2 ' 



^ 2 " (4i2 2 + (s - t) 2 ) 3/2 ' 

Then flllj) shows that condition (b) of Theorem |U1 holds and therefore 
there is some interval / = [ti,t 2 } such that suppA^ = 7(f) fl A + . 
Furthermore, from (jlUj) we see that W Xa (R + it) is strictly increasing 
on (— 00, £1] and is strictly decreasing on [£ 2 , 00). By Lemma|2l we can 
take I = [c, d] and so supp A^ = A + . □ 

Even in the case when A is a circle in H + (so that T(A) is a torus 
in IR 3 ), it is difficult to directly verify the hypothesis (b) of Theorem |H1 
We next develop sufficient conditions for (b) that, at least in the case 
A is a circle, are relatively simple to verify 
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For w G H + and t G [a, b], let r w (t) := \j(t) — w\, and s w (t) :- 
r w {t) + r W:t (t). Assuming 7 is twice differentiable at t we have 



'121 



(f 



■K(-y(t),w) 



<(t)s w (t)+s r w (tf 



(i G [a, b]). 



dt 2 ww ' ' s w (t) 2 

Then for fixed w, we have that K('~f(t),w) is strictly convex on any 
interval where s'^ < 0. Let u w {t) denote the unit vector w)/r w (t). 
Differentiating the dot product r w (t) 2 = (jit) —w) ■ (j(t)—w) we obtain 

r' w (t) = i(t)-u w {t), 

(13) u' w {t) = (j'(t)-(j'(t)-u w (t))u w (t))/r w (t), and 

(14) rM = •««(*) + (l'/(*)| a -(-/(*) -^W) 2 ) /»•»(*). 

In the event that 7 is parametrized by arclength the above equations 
can be simplified. In this case |7'(t)| = 1. We further assume that 
j"{t) 7^ for any t G [a, b}. Then T(t) = j'(t) denotes the unit tangent 
vector, n(t) = \T'(t) \ denotes the curvature, and N(t) = T'(t)/\T'(t)\ = 
7" (£)/«;(£) denotes the unit normal vector to the curve 7 for t G [a, b\. 
Substituting these expressions into (fT5j) and (fT^|) we obtain 



(15) 
(16) 



i'(t)-u w (t)+i(t)-u' w (t) 

N{t)-u w {t) 



(N(t) ■ u w (t)) 



K(t) + 



r w (t) 



From this last representation deduce the following. 

Lemma 8. Let 7 : [a, b] — ■> i/ + fre a £«race differentiable curve such 
that |7'(t)| = 1 and ^"(t) 7^ for all t G [a, b]. Suppose that for all 
s,t G [a, 6], i ; and w G {7(3), 7(5)*} we nai>e 

N(t)-u w (t)~ 



(17) 



7V(t) • u„,(*) < and 



r w (t) 



> 0. 



Tnen 7 satisfies hypothesis (b) of Theorem^ 

We now apply Lemma |H1 to the case when A + is a subset of a circle. 

Corollary 9. Suppose C C C is a circle of radius r > and center 
a with Re [a] > and suppose A is a compact set in H + such that 
A + C C + . Then supp A A = A e + := A + n {a + re** | |t| < 6»} /or some 
6 1 G [0,7r/2]. In particular, if A + is a circular arc contained in C + , 
then so is supp A^; consequently, supp fir(A) is connected. 

Remark: In the case when T(A) is a torus (that is, if A — C), it 
follows from Corollary El that supp /xr(A) is a connected strip of T(v4) of 
the form T(Ci) for some 9 G [0, tt/2]. 
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Proof. Without loss of generality we may assume that C has radius 
r = 1 and center a = R for some R > 0. We then consider the 
parametrization of C given by j(t) := a + e lt for t G [— 7r/2, 7r/2]. By 
direct calculation (assisted by Mathematica) we find, for w = j(s), 



N(t) ■ u w (t) = 
and for w = 7(s)* we find 
iV(t) ■ u w (t) 

and 



s - 1 




sin 


and 


2 





re(t) + 



r™(t) 

2 J Rcost + cos(s + t) + 1 



a/ (2i? + cos s + cos t) 2 + (sin s — sin t) ; 



K(t) + 



N(t) ■ u w {t) 
r w {t) 



1 



2R(R + coss) 



2 (2i? + cos s + cost) 2 + (sins — sin t) 2 

Then it is easy to verify that the inequalities (|T7j) hold for both w = 
7(s) and for u> = 7(3)* for all s, t e [— 7r/2, 7r/2] with s^t. □ 

5. Kernel in limit _R — >• 00 

One might well conjecture looking at Figure 1 and in light of Theo- 
remEJor Corollary [7| that for the case of the circle A = {z \ \z — R\ = 1}, 
R > 0, the support of is the right-half circle A + , or equivalently, 
that the support of the equilibrium measure on the torus T(A) is the 
portion of its surface with positive curvature. However, as we see in 
the limiting case R — > 00, this is not correct. 

Define the kernels K R : H + x H + -> R, R > 0, and : H + xH + ^ 
R by 



(18) iffl(^«;) 

(19) ^oo(^,w) 
Using 

\z-w\ + \2R + z 



2R (K(R + z,R + w)+ log R) 
—(Re[z - w*\ + \z — w\). 



2R 



1 + 



Re[z — w*\ + \z — w\ 



we obtain 

K R (z,w) 



-2R\og 



-2R\og 1 + 



2R 

w\ + \2R + z — w*\ 
2R 

Re[z — w*] + \z — w\ 



+ 0{R~ 2 ) 



2R 



+ 0(R 



-2- 



-(Re[z - w*} + \z- w\) + 0(RT X ) 
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and hence 

lim K R (z,w) =K oc (z,w), 

R^oo 

where the convergence is uniform on compact subsets of H + x H + . We 
let J Kr (h) and Jr^^) denote the associated energy integrals defined 
for compactly supported measures /x G /A(H + ). 

From the definition of Kr we see that the equilibrium measure A^ 
on a compact set A C H + with respect to the kernel Kr is equal to 
Xa+r(- + R), that is, \%(B) = X a +r(B + R) where, for a set B C H+ 
and R > 0, B + R denotes the translate {b + R \ b G B}. 

5.1. The existence and uniqueness of an equilibrium measure 

for Koo. The weak-star compactness of Ad(A) and the continuity of 
Jr x imply the existence of a measure A^ 3 G M. (A) such that Jk x (A^) — 
inf At6M(j4 ) Jk x {v)- 

We follow arguments developed in [2| to prove the uniqueness of A^. 
First, note that K^Zjiu) = —k\(z,w) — k 2 (z,w) where ki(z,w) : = 
\z — w\ and k 2 (z, w) = Re[z] + Re[w] and so 

JkM = -go*) - no*), 

where ij* and I 2 are the energy integrals associated with the kernels k\ 
and &2, respectively. We need the following lemma of Frostman ([U], 
also see Lemma 1]). 

Lemma 10. Suppose v is a compactly supported signed Borel measure 
on H + such that J dv = and Il(v) > 0. Then v = 0. 

For compactly supported Borel measures // and z/ on let 

Jk^Viv) ' = J J K oo{z,w) djj(z) du(w). 

Lemma 11. Suppose A is a compact set in H + and //* G .M(A) satis- 
fies Jr-v^*) = inf^ S A4(^) Jr-v^)- For any signed Borel measure v with 
support contained in A such that v{A) = f A dv = and //* + z/ > 0, we 
/lave JR^in*, v) > 0. 

Proof. With z/ and /x* as above, we have \x* + e G .M(-A) for < e < 1 
and so 

(20) J Koo (fi*) < J Koo (v* + eis) = j Koo ( fi *) + 2 eJ Koo ( f i\v) + e 2 J Koo (v). 

Since (JH1) holds for all < e < 1, then J KaB (p*, f) > 0. □ 

Theorem 12. Suppose A is a compact set in the interior of H + . 
There is a unique equilibrium measure X°£ minimizing Jr^^) over 
all \i G JA(A). The support of X™ is contained in A + . Furthermore, 
X 1 ^ converges weak-star to A~ as R — > oo. 
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Remark: Recall that A^ converges weak-star to A~ (and we write 
A^— L - > AJ") as R — > oo means that 

lim / fd\ R A = [ fdXf 

R ^ J A J A 

for any function / continuous on A. 

Proof. Suppose /x* and jl* are measures in A4(A) such that Jif^ (/•«*) = 
Jkoo(P>*) = inf^e-MCA) Jr^h)- Then i/ := /2* — //* satisfies the hypothe- 
ses of Lemma fTTI and thus Jk x {^*, v) > 0. On the other hand, 

Jk^P) = JkJP + v) = JkJP) + 2J K JP, v) + J Koo (y), 

which, since Jk x {P) = Jr^^*), implies that Jk x {v) = -2J Koo (fi*, v) < 
0. Now, J Koo (u) = -I{{v) - I*{v) = -iHy) since 



1*1 



J j (Re[z\ + Re[w}) dv{z) dv(w) = 0. 



Hence, I*(v) = —JK oa { u ) = 2</x 00 (/A v) > and so, by Lemma ITUl it 
follows that v = and thus /i* = jx* . 

The fact that supp A^ 3 C A + follows from the observation that 
K^Zjiv) is strictly decreasing for z varying along all horizontal rays 
[iy, oo + iy) for y ^ \m[w] and along the ray [w, oo + iv) for v = Im[u>], 
and is constant along the line segment [zi>, mj]. 

The weak-star convergence of A^ to A J" follows from the weak-star 
compactness of M.(A) and the uniqueness of the equilibrium measure 

K- □ 

Remarks: 

(1) The level sets of K^-^w) are parabolas with focus w and di- 
rectrix x = a for a > Ke[w] (in the case a = Ke[w], the level 
set is the line segment where v = lm[w]). Notice that 
these parabolas can also be viewed as arising from the elliptical 
level curves illustrated in Figure 3 by letting the real part of 
the focus u>* tend to — oo. 

(2) One may also consider K^z, w) onCxC rather than H + x H + 
(in effect, the line Re [2] = —00 may be considered the axis of 
rotation). 

Let denote the potential for a measure \i G M.(H + ) and kernel 



00 • 



W^{z)= / K 00 (z,w)d fJl (w) (zeH + ). 

J A 

Then is continuous on H + . Furthermore, if W^{z) is not constant 
for z G supp /i, then one may construct a signed Borel measure v with 
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support contained in A such that v{A) = j A dv = 0, fi+u > 0, and such 
that Jk x {^,v) < (cf. [2J. Lemma [TT] then implies that Jk x (iJ',^) 
cannot be minimal, which gives the following result. 



Lemma 13. The equilibrium potential Wo^ satisfies 

(21) W&(z)> JkM 

with equality if z G supp A~ . 



[zeA) 



5.2. Properties of the equilibrium measure for a circle. We next 
consider the support of the i^oo-equilibrium measure in the case that 
A + is contained in the right-half of a circular arc (as in Corollary |HJ) • 
Recall that if C is the circle with center a and radius r and B C C, we 
define B := B n {a + re u \ -9 <t<9}. 

Theorem 14. Suppose C C C is a circle of radius r > and center a 
with Re [a] > and suppose A is a non-empty compact set in H + such 
that A + C C+. Then supp A~ = A% for some 9 G [0, n/2). 

Furthermore, if A + is also symmetric about the line y = Im[a] and 
A+ 3 is non-empty, then supp A J 1 = A e + for some 9 G [0, 7r/3]. More- 
over, if A + is also symmetric about the line y = Im[a] and A 1 ^ 3 is 
empty, then A~ = (5 a +( + S a+ ^)/2 where ( := re l6m and 9 m := min{# > 
| a + re ie G A + }. 

Proof. Without loss of generality we may assume that C has radius 
r = 1 and center a = 0. We then consider the parametrization of C 
given by j(t) := e lt for — tt/2 < t < n/2. Then, using 
2|sin((s-t)/2)|, we find 



\e u - e is \ 



^oo(7(*)>7(s)) = -cos(t)-cos(s)- 



sm 



tE[-n/2,n/2]). 



Differentiating twice with respect to s we obtain 

s - t 



|^oo(7(*),7(s)) = 5 



sm 



cos(t) 



which is positive for —ir/2 < s,t < tt/2. Then (as in the proof of 
Corollary EJ) it follows that supp A^ = A e + for some 9 G [0,7r/2]. 

Now suppose A + is symmetric about the x-axis. Then the unique- 
ness of A^J shows that is also symmetric about the x-axis, that is, 
w) = d\°£ (w) for w G H + . Thus we have 



d\% 



{lit)) 




D. P. HARDIN 1 , E. B. SAFF 2 , AND H. STAHL 3 



{K 00 (z,w)+K 00 (z,w))/2 (z,weH^ 



cos(t) - 2 cos (s/2) sin (t/2) , < s < t < tt/2, 
cos(t) - 2 cos (t/2) sin (s/2) , < t < s < tt/2. 

and differentiating with respect to t we obtain 

(22) ^£,(7(0, 700) 

sin(t) - cos (s/2) cos (t/2) , < s < t < vr/2, 
sin(t) + sin (s/2) sin (t/2) , < t < s < vr/2. 

We claim that 

(23) ^ K Mt), l(s)) > (-tt/2 < s < vr/2, t > tt/3). 

Clearly holds in the second case of (J22J) when 0<t<s<7r/2. If 
7r/3 < t < tt/2 and < s < t, then using the first case of (|22|). 

sin(t) - cos (s/2) cos (t/2) = cos (t/2) (2 sin (t/2) - cos (s/2)) 

and 2 sin (t/2) — cos (s/2) > 2 sin (t/2) — 1 > for this range of s and 
t, we see that (l2*3l holds in this case as well. Hence, we have 



jW^(l(t)) = J a §- t K s oc ( 1 (t),w)d\%(w) > (t > tt/3). 

Thus, in light of Lemma we have supp AX C Al /3 if A n + /3 ^ 0, while 
if A n + /3 = 0, then AX = (<Wc + D 

5.3. The vertical line segment. In this section we consider sets A C 
+ such that A + is contained in a vertical line segment [a + ic,a + id] 
and further suppose the endpoints a + ic and a + id are in A + . Then 

Koo(a + it, a + is) = —2a — \t — s\ (s, t G [c, d]) 

which falls into the class of kernels studied in [2. and it follows from 
results there that \^ = (5 a+ i C + 5 a +id) /2 where 5 W denotes the unit 
point mass at w. In particular, for the "infinite washer" in R 3 obtained 
by rotating [a + ic,a + id] about the y-axis and letting a — >• oo, the 
support of the equilibrium measure degenerates to two circles. We 
contrast this with the finite R case where, by Corollary [?l we have 
supp A^ = A + . 
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6. Discrete Minimum Energy Problems on A c H + 

Suppose A C H + is compact, k : A x A — > R + is continuous and 
nonnegative, and that there is a unique equilibrium measure X k ,A min- 
imizing the /c-energy 

h (/*):=/ / k(x,y) dfi(x)dn(y) 

J JAxA 

over measures \i G .M(A). In this case we say that A; is a continuous 
admissible kernel on A. In particular, we have in mind the reduced 
kernel K as defined in (jSJ) or the limiting kernel as defined in ()19j) . 

We consider the following discrete minimum /c-energy problem. The 
arguments in this section closely follow those in [TTJ pp. 160-162]; 
however, the continuity of k here allows for some simplification. For a 
collection of iV > 2 distinct points u N := {xi, . . . , x^} C A, let 

N N 

E k (u N ) := ^ K x h x j) = y]y]K x ii x i)i 

l<i^j<N i=l j=i 

and 

(24) £ k (A, N) := M{E k (u N ) \ u N C A, \u N \ = N}. 
Since 

(25) S k {A,N)< k ( x » x 3) 

for any configuration of N points {x±, . . . ,Xn} C A, integrating 
with respect to d\ kt A( x i)d\ k ,A( x 2) ■ ■ ■ d\ kt A( x N) we find S k (A,N) < 
N(N — l)Ik(\k,A) and so we have 

(26) N(N-1) ~ 4(Afc ' A) {N ~ 2) - 

On the other hand, the compactness of A and continuity of k imply 
that for each N > 2 there exists some optimal k-energy configuration 
u* N C A such that E k {uj* N ) = £ k (A,N). Let \ a ,n = jf J2 X ^* N $x € 
Ai(A) (where 8 X denotes the unit point mass at x). Then 

(27) /.(Am) < h{\A, N ) = £k(A,N) + ^ k ^ Xi) (N>2). 
Combining ()26|) and ()27|) we have 

< 28 > w^h - 4(A "» - UMn) - < N ^ 2 »' 
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where \\k\\ A := sup zeA k(z, z). Since S k (A, N) / N 2 < I k (\k,A) < 00 > 
the inequalities in (J28j) show that there is some constant C such that 
< 4(A AJV ) - 4(A M ) < C/N for N >2, and so 

(29) 4(AA,iv) -> 4(Afe,A) as iV -> 00. 

If /i* is a weak-star limit point of the sequence {Xa,n}, then (|29|) shows 
that Ik{fJ>*) = Ik(^k,A) an d so Z 1 * = Afc ;J 4. By the weak-star compact- 
ness of A4(A), any subsequence of {\a,n} must contain a weak-star 
convergent subsequence. Hence, we have the following result. 

Proposition 15. Suppose A is a compact set in H + and that k : 
Ax A — > R + is a continuous admissible kernel on A. For N > 2, let uo* N 
be an optimal k-energy configuration of N points {xi, X2, ■ ■ ■ , £tv} C A. 
Then ^ J2i=i ^ h,A as N -> 00. 

Figure |U shows (near) optimal i^-energy configurations for N = 30 
points restricted to various ellipses in H + . 
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Figure 4. Near optimal A'-energy configurations (N = 
30 points) on various ellipses in H + . 
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